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1. INTRODUCTION

Let z1,29,...,2, be complex numbers of modulus at least one. Denote by N(z) =
N(zi,...,2,) the number of sums of the form

n
E EiZi,
=1

with ¢; = 1 or —1, lying in the interior of a given disc of unit radius.

From their investigations on “random polynomials”, Littlewood and Offord were led to
consider bounds for N(z), and gave one adequate for their purposes (see Littlewood and
Offord [7, Theorem 1]). Erdds [2] applied a Sperner’s Theorem argument (see Bollobds
[1, §83,4]) to deduce that when the z; are all real, we have

CH

with equality holding when z; = ... = 2z, = 1. Later, Kleitman [5, 6] and Katona [4]
extended this result to the complex field, and even to an analogous result on vectors in an
arbitrary archimedean normed space. More recently, Griggs [3] has elaborated on these
results and arguments.

It would appear that all results thus far have been on archimedean spaces of some
sort, and indeed this would appear to be essential for the Sperner’s Theorem argument
to succeed. We now give a result for a non-archimedean example:

Theorem 1. Let ay, . .. oy, be reduced residues (mod q), and let N(q; &) denote the number
of choices of e1,...,e,, with ¢, =0 or 1, such that

Zsiai =0 (mod q).

=1

If ¢ > (n+1)/2, then
N(g;a) < (Ln/zj)’

where || denotes the integer part of x. Further, putting

w )1, for1<i< [n/2],
T -1, for|n/2] <i<mn,

we have N(q;4™) = ( LnT/lz J)'
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Corollary 1.1. Let vy, ..., o, € Q, satisfy ||, = 1 (with the p-adic valuation normalised
with |pl, = p~'). Denote by

N(T)(p7 a) = N(r)(p; al? cer 7an)
the number of choices of €1,...,e, with ¢; =0 or 1, such that

n
g &0y
i=1

b

<P
p

Ifp > (n+1)/2, then
X5 < ()

The corollary is immediate from the theorem on considering congruences (mod p").
Results less precise than the theorem have recently been used in investigations on the
local solubility of simultaneous additive equations (see, for example, [8, Lemma 3.4]).

Our proof is divided into many cases. When n is even, the use of exponential sums
makes the result almost immediate. However, life is rather harder when n is odd, and we
must take care to exploit all available asymmetries present in the residue system, these
tending to deflate N(q; o).

The second author wishes to thank the Science and Engineering Research Council for
a research grant.

2. PROOF OF THE THEOREM

Let
S(B) =1+e(8/q).

Then, by considering the underlying exponential sums, we have

N(ga) =q ") [ SCren). (2.1)

r=1 =1
We divide into cases.
(A) Suppose that n is even. Applying Holder’s inequality to (2.1), we have

Vo) < T (7 2 50001 ) " (o S isor) v

by a change of variable. Thus, since n is even and ¢ > (n + 1)/2, we have

N(g;a) < N(g;v™) = Lnf (LW?J)Q - (U:;QJ)’

=0 \ 7

and the result holds in case (A).

(B) Suppose that n is odd. We write n = 2k + 1 with k a positive integer (the case
n = 1 is trivial). We divide into cases according to the value of n = oy + ... + .
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(i) Suppose that (n,q) = 1. For X a given reduced residue (mod ¢), let Ny(¢; &) denote
the number of choices of €4,...,¢, with ¢; =0 or 1, such that

Z&Oéi =\ (mod q). (2.2)

i=1
Then N,(¢; o) = N(¢; o), since whenever (2.2) holds with A =7, we have

n

Z(l —&))a; =0 (mod q).

i=1
Then we have

N(g;ou,...,an,—n) = N(¢; ) + Ny(q; ) =2 - N(q; o). (2.3)
But by part (A), we have

2k + 2 2k +1
] DY TL7_ < p— y
N(Qaah , 77) (k—f-l) 2< k )

and the result follows in case (B)(i).
(ii) Suppose that (n,q) is a proper divisor of ¢q. Let d = (1, q). By applying Holder’s
inequality to (2.1), we have

k

q 1/(2k)
Nigan ..o 1) < [[ (q—l S(ra)|? |S<m>\2)
r=1

1

)

n q 1/(2k+2)
« H <q1 Z ‘S<7,ai)|2k+2)
r=1

i=k+1

We now observe that

q
2k +2 2k+1
-1 ) 2k+2:N .~ (nt1) — -9
SIS = N = (O .

and, by a change of variable,
q
g 1S(rag) - |S(rm) | = N(g; v, ¢, -9),
r=1
for some & with (£, q) = d.
We establish now a lemma which is useful both here and later.

Lemma 2.1. Suppose that k > 1, ¢ 2 k+2 and o # +1,0 (mod q). Then

2k+3 (2k+ 3
4k +8\ k+1

N(Q77(2k)7 a, —O[) < ) fOT’ k 7£ 2,

and
N(g;yW, a, —a) < 16.



4 R. C. VAUGHAN AND T. D. WOOLEY

Proof. We have
N(g ™, a, —a) = No(g;v™) + Naca(@: 7)) + Na(@: 7)) + Noa(g: 7).
Since aw # 1,0 (mod ¢) we have

25 5 (5
N(g;v®, 0, —a) = 2No(g;v®) =4 < = = _( )
and
N(g; 7™, @, —a) < 2Ny(g;v™) + 4 = 16.

Thus we may suppose that £ > 3. Choose u and ¢t so that 0 < u < ¢, 0 < t < ¢,
a+u =0 (modgq), —a+t=0(mod q). Then, as a Z £1,0 (mod ¢) we have u > 2,
t > 2.

When u < k the congruence

Zem = a (mod q)

(5= (2)

T

has

2k
solutions of the type r - 1+ (r +u)(—1) = a (mod ¢), when ¢t < k it has (k t) of the

type (r+t)-1+r(—1) = a (mod ¢), and it has no other solutions since ¢ > k+2. There is
a concomitant conclusion when « is replaced by —«. Thus, on using part (A) to estimate
2No(q; v®*)), we deduce that

2k 2k 2k
.~ (2Kk) o <

Since u = —a = —t (mod q), we have u +t = ¢, and without loss of generality we may

suppose now that ¢ > u, whence t > 2q % + 1. Thus we may now assume that

e csE) sl ) 4.2

holds with &£ > 3 and t > %k‘ + 1. Hence

2k + 3 (2k + 3
N(g;y™,a, —a) < T——
where A is given by
(2k + 1)(2k + 3)2 3 L k+1—m
A—1 =1-2k 2k(k—1 _—
A= 5 R RS R § Sy
When k = 3,5,6 the right hand side does not exceed — 10, 9+14+ 11+%—|—8

respectively, so A < 1. When k£ = 4 and ¢t > 4 it does not exceed —7 —i— —|— =, SO again
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A< 1. When k=4 and t = 3, we have 3 > ¢/2 > 3, so ¢ = 6, u = 3. Thus

8 11 /11
N(q;'y(g),a, (4)+4()—172 24(5>

Therefore we may suppose that k£ > 7. Now the product on the right hand side is

L5 ~ dm — 2
exp Zlog HW < exp —Z %+ 1
m=3

2k+1

and when k£ > 7 we have

k7 55 k+1
R

t - 2_ .
ji: dm —2 2t -8 >)(k—%2) 16 -
8 16k +38 4

—~ 2k+1  2k+17  4k+2

and exp((k+1)/4) > k. The last inequality may be established by observing that f(x) =
exp((z +1)/4) — x is strictly increasing for x > 8log2 — 1, and that 7 > 8log2 — 1 and

e? > 7, and so f(k) > f(7) >0
It now follows that
(2k + 1)(2k + 3)?
2k + 4

(A—1) <2-2%k+2(k-1)=0,

whence A < 1 once more.
This completes the proof of the lemma. O

Returning to the proof of the theorem, by the lemma,

2N(g; @) = N(g;an, ..., an, —1) %(2:+3) (2k+1)) (2(%;1»;
()

an =—(ag+ ...+ a,1) (mod q),

Thus the result follows in the case (B)(ii)
(iii) Suppose that ¢|n. Then we have

and hence

N(g;aq,...,an) = N(g;ag, ..., an 1, —(a1 4+ ...+ an_1))
=2-N(g;a1,...,05-1). (2.4)
We now divide into further cases.
(a) Suppose that there is a 8 with a; = £ for i = 1,...,n. Suppose that there are m
values of ¢« with a; = 3, and n — m values of ¢ with a; = —3. Thus
mp —(n—m)f =0 (mod q).

Without loss of generality we may assume that n —m > m. Then since (8,¢) = 1 and
q > (n+1)/2, we have either n = 2m or n = 2m + ¢. The first case cannot occur, since
we have supposed n to be odd. Then we must have 1 <m = (n —q)/2 < k/2.
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D)) G0

We therefore have

St k+1+1i
Then on noting that 2(m + 1) < k + 2, we deduce that

2k + 1
N(ga) < ( N )
k
and the result follows once again.

(b) Suppose that there is no § such that for i = 1,...,n we have a; = +5. By a
rearrangement of variables we may suppose that there is no  such that forz =1,...,n—1
we have a; = £5. The case k = 1 is trivial. Suppose then that £ > 1, and let S, C
{1,...,n—1} denote the set of indices for which a; = +¢ (mod ¢q). There are three cases:

(o) We may choose ¢ with 1 < card(S;) < 2k — 2. Choose ( so that s = card(S)
is minimal amongst those ¢ satisfying 1 < card(S;) < 2k — 2. Then we may rearrange
variables so that S, = {2k —s+1,...,2k}, and by Holder’s inequality, for £ > 2 we have

2k—s

N(g . ant) < H(( *1Z\Sraz B2 IS0

=1

DGR
( Z|S (rag)|? - |S(r¢) |2~ 2) )

For k = 2 (and s = 2), by Cauchy’s inequality we have

2k—2—s
(2k—4)(2k—s)

1

N(g;oq,. .., 00-1) \H( _12:|S7’ozz ()|)
i=1

(B) For every (, card(S¢) < 1. Then we have

k q
N(Q; ag, ... 7an—1) < H((q_l Z |S(T‘Oé2i_1)|2k_2 . |S(T0&2i)|2)
1 r=1

:

q 2
x (q_l D IS(rasi)*- |5(7“042i)|2k_2>
r=1

(7) There are reduced residues ¢ and & with card(S;) = 1 and card(S;) = 2k — 1. We
may rearrange variables so that S, = {2k}. Then by Holder’s inequality, we have

1
2k

==

N(g:an....ap) (12157“5 PE215(r0)| ) (1Z|Srf \2’“)



ONE OF LITTLEWOOD AND OFFORD’S PROBLEMS 7

We now observe that given o and 8 with (af,q) = 1 and o #Z £ (mod q) there is a
B' with 8 £ +1,0 (mod ¢) such that

gD 1Sra) 2 SrB)P = Ny, 8, -8).
r=1

The premiss of the lemma is satisfied with k£ replaced by k — 1, since k > 2. Thus the

2k+1 2k +1
+ ( + > when k£ # 3 and 16 when k& = 3. Hence in cases

above does not exceed m h

() and () we have
2N(q; 01, ..., 1) < (

and the result follows from (2.4).
In the case (), when k # 3 we obtain, via part (A),

% +1/2%+1\ /2k\\? /2% +1
IN(q: auy. ..ty q) <2 _

and again the result follows from (2.4).
When k£ = 3 we obtain, in the same way,

N(giaq,. .., an1) < (16 (g)) : = (320)

2k +1
k

(NI

< 18.

Thus, by (2.4),

N(g;a) <34 <35 = (;)

This completes the proof of the theorem.
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